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a b s t r a c t
A Schinzel or F sequence in a domain is such that, for every ideal I with norm q, its first q
terms form a system of representatives modulo I , and a Newton or N sequence such that
the first q terms serve as a test set for integer-valued polynomials of degree less than q.
Strong F and strong N sequences are such that one can use any set of q consecutive terms,
not only the first ones, finally a verywell F ordered sequence, for short, a V.W.F sequence, is
such that, for each ideal I with norm q, and each integer s, {usq, . . . , u(s+1)q−1} is a complete
set of representatives modulo I . In a quasilocal domain, V.W.F sequences and N sequences
are the same, so are strong F and strong N sequences. Our main result is that a strong N
sequence is a sequence which is locally a strong F sequence, and an N sequence a sequence
which is locally a V.W.F. sequence. We show that, for F sequences there is a bound on
the number of ideals of a given norm. In particular, a sequence is a strong F sequence if
and only if it is a strong N sequence and for each prime p, there is at most one prime
ideal with finite residue field of characteristic p. All results are refined to sequences of
finite length.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
The sequence of natural integers has this remarkable property that, for each n, its first n entries form a complete set of
representatives modulo n. In 1969, at the Institute of Number Theory at Stony Brook, A. Schinzel raised the question of the
existence of a similar sequence in the ring of integersOK of a number fieldK , that is, a sequence {un} of algebraic integers such
that, for each ideal I of OK , with norm N = N(I), u0, u1, . . . , uN−1 represent all residue classes modulo I [1, Problem 8]. In
fact, the question was first raised by J. Browkin in 1965 forQ[i] and answered (by the negative) by E.G. Strauss in 1966. Then
Wantula [2] showed there was no such sequence in any quadratic field, with seven possible exceptions. Latham [3] proved
the same for cubic fields with a negative discriminant, again with at most finitely many exceptions, and so did Wasen [4]
for pure extensions Q( p
√
m) of prime degree p.
The sequence of natural integers has another remarkable property: to determine if a degree n polynomial with rational
coefficients is integer-valued it is enough to test its values on the integers up to n. One could ask if a similar test sequence
{un} exists in a number field K . It is known that {un}would be a simultaneous P-ordering as defined by Bhargava [5–7] and,
as noted by Yeramian [8], P orderings are nothing else than the very well ordered sequences of Amice [9]. It follows that a
sequence {un} is a test sequence for integer-valued polynomials if and only if, for each maximal ideal P of OK , with norm q,
each s, and each k, the qk consecutive elements {usqk , usqk+1, . . . , u(s+1)qk−1} form a complete system of representatives of
OK modulo Pk [10, proposition 3.9]. The existence of such a sequence is thus clearly related to the problem raised by Schinzel
and again, no number field K (other than Q) is known to be endowed with a simultaneous P-ordering, moreover M. Wood
actually proved there was no such sequence in the case of an imaginary quadratic field [11, theorem 5.2].
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The purpose of this paper is to study these questions for a general domain D. But we first consider both problems in
a more general setting, considering a (fractional) subset E of a domain D, with quotient field K . We recall that the ring of
integer-valued polynomials on E with respect to D is defined as
Int(E,D) = {f (X) ∈ K [X] | f (E) ⊆ D}.
We say that a sequence {un} in E is a Newton sequence of E in D, for short an N sequence, if it is a test sequence for integer-
valued polynomials, more precisely if a degree n polynomial is integer-valued on E if and only if f (ui) ∈ D, for i ≤ n. We
say that {un} is a Schinzel sequence of E in D, for short an F sequence (following Latham [3] and Wasen terminology [4,12]),
if, for every ideal I of D, letting q (possibly infinite) be the number of classes met by E modulo I , u0, . . . , uk−1 are in distinct
classes for each k ≤ q (the first q terms of the sequence forming thus a complete system of residues of E modulo I when q
is finite). For E = D, we simply talk of N or F sequences of D.
In fact, the sequence of natural integers is even such that, when truncated at any k, the remaining sequence {n}n≥k is
again both a Schinzel and a Newton sequence. We thus define a strong Schinzel or strong F sequence (resp. a strong Newton
or strong N sequence) as a sequence which remains an F (resp. an N) sequence when arbitrarily truncated. Along the line
of [10, Section 3]), we then say that E is a (strong) Newtonian (resp. a (strong) Schinzel subset) of Dwhen it is endowed with
an (infinite) (strong) N sequence (resp. (strong) F sequence), for E = D, we simply say that D is a (strong) Newtonian (resp. a
(strong) Schinzel domain). For F sequences, we consider the first terms of the sequence and for strong F sequences, any
choice of consecutive terms. An intermediate somewhat technical property is that, for each integer s, {usq, . . . , u(s+1)q−1} is
a complete set of representatives modulo I (for each ideal I, q being the number of classes modulo I). We then say that {un}
is a very well F ordered sequence, for short a V.W.F. sequence and this will turn in fact to be a central notion. As pointed above,
infinite (strong) N or F sequences often do not exist, we thus also consider sequences of finite length having the desired
properties.
In Section 1, after giving in detail all the definitions, we generalize to subsets a result established by R. Wasen for
sequences in a domain [12, theorem 1]: a sequence {un} is an F sequence if and only if, for i 6= j, the number of classes met
by E modulo the principal ideal generated by (ui − uj), is bounded by both i and j. It follows easily that a Schinzel domain
with finite residue rings is a principal ideal domain, a result which was communicated to us by Sophie Frisch. Finally, we
characterize the sequences of the ring of integers Z having each of the desired properties.
We devote Section 2 to generalities on change of subsets and domains. A first result is that a sequence of a subset E which
is a good sequence in a larger subset E ′ of D (where good stands for any of the given properties) is good in E and that a good
sequence of E is still so when E is considered as a subset of a larger domain D′. In particular, we show that good sequences
of a domain D are good sequences of S−1D, for every multiplicative subset S of D, and that conversely the N properties (but
not the F properties) are local: a sequence is a (strong) N sequence if and only if it is locally a (strong) N sequence. Wemake
further considerations along that line, leading to an example of a Newtonian Dedekind domain which is not a principal ideal
domain, and hence, not a Schinzel domain.
Section 3 is devoted to the quasilocal case. In fact, much is known of the various orderings in a discrete valuation domain.
We recall that strong N and strong F sequences coincide in this case, and are nothing else than the very well distributed
and very well ordered (for short V.W.D.W.O.) sequences [13, Definition II.2.1]. The N sequences are nothing else than Manjul
Bhargava’s v-orderings [5], characterized by Yvette Amice [9] as the very well ordered sequences, that is, the V.W.F. sequences
introduced above. Ourmain result is to extend these facts to every quasilocal domain: a sequence {un} in a quasilocal domain
D is an N sequence if and only if it is a V.W.F. sequence and {un} is a strong N sequence if and only if it is a strong F sequence.
In particular, in the quasilocal case, an N sequence is always an F sequence.
In Section 4 we look at the global case. We recalled above that a Schinzel domain with finite residue rings is a principal
ideal domain, we show here that a Newtonian domain with finite residue rings is a Dedekind domain. More generally we
show that a Schinzel domain is a principal ideal domain in finite norms and that a Newtonian domain is a Dedekind domain
in finite normswhere these properties are defined by considering only the ideals with finite norm. Our main result is that a
sequence in a domain D is locally a strong F sequence if and only if it is a strong N sequence, and that it is locally a V.W.F.
sequence if and only if it is an N sequence. In particular, a strong F sequence is always a strong N sequence and a V.W.F.
sequence is always an N sequence. We exhibit examples showing that none of these implications can be reversed. We also
show that a sequence is a strong N sequence if and only if it is a strong F sequence and, for each prime p, there is at most
one prime ideal with finite residue field of characteristic p in D. We then say that D satisfies the injectivity of the norm and
that implies in particular that, for each q, there is at most one ideal with norm q. In the case of F sequences, we show there
is also a limit on the number of ideals with small norm. It follows that in a Schinzel domain, there cannot be more than q
ideals with norm q, moreover, if there are ideals both of norm 2 and 3, there cannot be more than one ideal of each kind.
1. Sequences in a subset
We set here the general frame for the study of sequences in a subset. Throughout we let D be a domain, with quotient
field K . We consider a subset E and often allow it to be a fractional subset of D, that is, a subset of K such that dE ⊆ D, for
some nonzero d ∈ D.We let {un} be a sequence in E indexed from n = 0. If the sequence is finite, its length L is the index of
its last term (hence the sequence has L+ 1 terms), otherwise we set L = ∞.
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1.1. Newtonian sequences
Definition 1.1. Let {un} be a sequence in E.
I*- We say that {un} is a strong Newtonian sequence of E if, for each n ≤ L, a degree n polynomial is integer-valued on E
whenever it is integer-valued on n+ 1 consecutive terms of the sequence.
II*- We say that {un} is a Newtonian sequence of E if, for each n ≤ L, a degree n polynomial is integer-valued on E whenever
it is integer-valued on the first n+ 1 terms of the sequence.
For short, we also say that a (strong) Newtonian sequence is a (strong)N sequence. If E is endowedwith an infinite (strong)
Newtonian sequence, we say that E is a (strong) Newtonian subset of D. For D itself, we say that D is a (strong) Newtonian
domain.
We clearly have the implication
I∗ H⇒ II∗
In fact, {un} is a strong N sequence if and only, if for each k, the truncated sequence {un}n≥k is an N sequence. We note also
that every initial segment of a (strong) N sequence is a (strong) N sequence.
1.2. Associated polynomials
Given a length L sequence {un} in E, we set
f0 = 1 and, for 1 ≤ n ≤ L, fn =
n−1∏
k=0
X − uk
un − uk .
We say the polynomials fn are associated to the sequence {un}.
We can characterize Newtonian sequences in terms of these polynomials. We denote by IntL(E,D) the set of integer-
valued polynomials of degree up to L:
IntL(E,D) = {f ∈ Int(E,D) | deg(f ) ≤ L}.
If L is infinite, we thus have IntL(E,D) = Int∞(E,D) = Int(E,D).
Proposition 1.2. Let {un} be a length L sequence in the (fractional) subset E of the domain D and {fn} be the associated
polynomials. The following assertions are equivalent.
(1) {un} is an N sequence of E.
(2) The polynomials fn are integer-valued on E.
Under these conditions, the polynomials {fn}n≤L form a basis of the D-module IntL(E,D).
Proof. Obviously, fn(uj) = 0, for j < n, and fn(un) = 1. Thus, if {un} is an N sequence, the degree n polynomial fn is integer-
valued. Conversely, assume that the polynomials fn are integer-valued and let f be a degree n polynomial, n ≤ L. Write
f =∑nk=0 λkfk with coefficients in K . These coefficients can be inductively computed, using the recursive formula:
λk = f (uk)− λ0 − λ1f1(uk)− · · · − λk−1fk−1(uk).
If f (uj) ∈ D for j ≤ n, it follows that the coefficients λk are in D. Thus f is a linear combination, with coefficients in D, of the
polynomials fn and is itself integer-valued. 
We derive similarly a characterization of strong Newtonian sequences.
Corollary 1.3. Let {un} be a length L sequence in the (fractional) subset E of the domain D. The following assertions are equivalent.
(1) {un} is a strong N sequence of E.
(2) For each i and n such that i < n ≤ L, the polynomial fi,n =∏n−1j=i X−ujun−uj is integer-valued on E.
1.3. Factorial ideals
As in [10, Definition 1.2], we let the n-th factorial ideal of E with respect to D be the ideal
n!DE = {a ∈ D | a f ∈ D[X], ∀f ∈ Int(E,D), deg(f ) ≤ n}.
For E = D itself, we simply write n!D for the factorial ideal n!DD.
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Recall that the n-th characteristic ideal In of Int(E,D) is the (fractional) ideal consisting of the union of 0 with the set of
leading coefficients of polynomials in Int(E,D) of degree n [13, Section II.1]. From Proposition 1.2, if {un} is an N sequence
of length L, In is a principal ideal for n ≤ L, generated by 1∏n−1
j=0 (un−uj)
. Thus In is a fortiori invertible and it follows from
[13, Proposition II.1.7] that, an integer-valued polynomial f ∈ Int(E,D) of degree n ≤ L has all its coefficients in In. We then
have n!DE = I−1n .We thus obtain the following necessary condition.
Corollary 1.4. If there exists an N sequence {un} of length L in E then, for each n ≤ L, the factorial ideal n!DE is principal, generated
by
∏n−1
j=0 (un − uj).
It is known that Int(E,D) has a regular basis (that is, a basis (fn)n∈N as a D-module such that, for each n, fn is of degree n)
if and only In (and thus also n!DE ) is a principal ideal for each n [13, Proposition II.1.4]. This may happen for Int(OK ), where
OK is the ring of integers of a number field K , in which case K is said to be a Polya field [13, II. Section 4] (even with OK
non-principal). Similarly, we shall give an example of a Dedekind Newtonian domain which is not principal [Example 2.7].
Yet, there is no known examples where OK is a Newtonian domain (except for K = Q).
1.4. Repartition modulo I
Given a fractional ideal I of D, we denote by E/I the set of cosets in K modulo I met by E. We let the norm of I in E, denoted
by NE(I), be the cardinal of E/I . This norm may be infinite. If E = D, we simply write N(I). Letting q = NE(I), we consider
three properties of repartition modulo I for a sequence in E (finite of infinite), with the following definition.
Definition 1.5. Let {un} be a sequence in E.
1- We say that {un} is stronglywell orderedmodulo I if consecutive terms, in number atmost q, are in distinct classesmodulo I.
2- We say that {un} is well ordered modulo I if consecutive terms indexed from a multiple of q, in number at most q, are in
distinct classes modulo I .
3- We say that {un} is F ordered modulo I if the first terms, in number at most q, are in distinct classes modulo I.
The last condition is related to the Schinzel problem and the letter F is in reference with Wasen’s terminology [12].
Clearly, each property implies the next one. In fact, for q infinite, or simply L < q, the three conditions are equivalent and
simply mean that all terms of the sequence are in distinct classes modulo I . For an infinite sequence and q finite, we can
rephrase the definitions as follows:
1- For each k, {uk, . . . , uk+q−1} is a complete system of representatives of E modulo I.
2- For each s, {usq, . . . , u(s+1)q−1} is a complete system of representatives of E modulo I.
3- {u0, . . . , uq−1} is a complete system of representatives of E modulo I.
We allow I and E to be fractional. However, the repartition of E modulo I is reflected by the repartition of aE modulo aI,
for each nonzero a ∈ D, hence, we may often restrict ourselves to subsets and ideals of D.
We leave the following to the reader.
Proposition 1.6. Let {un} be a sequence in the (fractional) subset E of the domain D and I be an ideal of D with finite norm
q = NE(I). The following assertions are equivalent.
(1) {un} is strongly well ordered modulo I.
(2) {un} is F ordered and periodic modulo I with period q.
(3) If ui ≡ uj (mod I) then q divides (i− j).
(4) {un} is F ordered and if q divides (i− j) then ui ≡ uj (mod I).
Well ordered sequences modulo I were introduced by Yvette Amice and later studied by Julie Yeramian. We can give a
characterization as in [9, Section 2.1], [8, Lemma 5.2]. For each a ∈ E and each n < L, set
XI(n, a) = {i < n | ui ≡ a (mod I)}
and denote by |XI(n, a)| the cardinal of XI(n, a). With these notations, we easily have the following.
Proposition 1.7. Let {un} be a length L sequence in the (fractional) subset E of the domain D and I be an ideal of D with norm
q = NE(I). Then {un} is well ordered modulo I if and only if, for each a ∈ E, and each n ≤ L,
|XI(n, a)| ≤
[
n
q
]
+ 1.
If L < q (in particular, if q is infinite), then [ nq ] = 0 for all n and the condition simplymeans that all terms of the sequence
are in distinct classes modulo I . If q is finite and the sequence is infinite, the condition is equivalent to |XI(n, a)| ≥ [ nq ], for
each a ∈ E, and each n ≤ L, as in [9,8].
P.-J. Cahen / Journal of Pure and Applied Algebra 213 (2009) 2117–2133 2121
1.5. Schinzel sequences
We now consider the sequences which satisfy properties of repartition modulo every (fractional) ideal of D.
Definition 1.8. Let {un} be a sequence in E.
I- We say that {un} is a strong Schinzel or strong F sequence if it is strongly well ordered modulo I for every ideal I of D.
II- We say that {un} is very well F ordered, for short V.W. F ordered or a V.W. F sequence, if it is well ordered modulo I for
every ideal I of D.
III- We say that {un} is a Schinzel or an F sequence if it is F ordered modulo I for every ideal I of D.
If E is endowedwith an infinite (strong, V.W.) F sequence, we say that E is a (strong, V.W.) Schinzel subset of D. For D itself,
we say that D is a (strong, V.W.) Schinzel domain.
We clearly have the implications
I H⇒ II H⇒ III.
As for Newtonian sequences, {un} is a strong F sequence if and only, if for each k, the truncated sequence {un}n≥k is an
F sequence and every initial segment of a (strong, V.W.) F sequence is a (strong, V.W.) F sequence. We shall later see
[Corollary 3.3] that, in a discrete valuation domain, the strong F sequences are the so called very well distributed and very
well ordered (for short V.W.D.W.O.) sequences [13, Section II.2]. This seems consistent with our terminology.
Remark 1.9. The definitions require a priori to consider fractional ideals. However, the conditions are void for the ideals
containing E. Moreover, if E if a subset of D, it is enough to restrict to integral ideals. Indeed, given a fractional ideal I and
x, y ∈ D, x ≡ y (mod I) is equivalent to x ≡ y (mod I ∩ D). For E ⊆ D, we then have NE(I) = NE(I ∩ D) and a repartition
property modulo I is equivalent to the same property modulo I ∩ D.
We shall later relate F and N sequences in a domain D. For now, we just obtain easily the following.
Proposition 1.10. Let {un} be a sequence in the subset E of the domain D. If {un} is an N sequence, then it is F ordered modulo
every prime ideal P.
Proof. Let P be a prime ideal ofD and set q = NE(P). If ui and ujwere in the same classmodulo P for i < j < q, the associated
polynomial fj would not be integer-valued. Indeed, as {u0, . . . , uj−1} represent at most q− 1 classes modulo P , there exists
x ∈ E, such that∏i<j(x− ui) 6∈ P , and hence, fj(x) = ∏i<j(x−ui)∏i<j(uj−ui) 6∈ D. 
1.6. Wasen characterization
For a ∈ K , we let the norm of a in E, relatively to D, denoted by NDE (a), be the norm of the (fractional) principal ideal aD. If
E = D, we simply write ND(a), or even N(a).
Proposition 1.11. Let {un} be a sequence in the (fractional) subset E of the domain D. Then
(1) {un} is an F sequence if and only if
for i 6= j, NDE (ui − uj) ≤ max(i, j).
(2) {un} is a strong F sequence if and only if
for i 6= j, NDE (ui − uj) ≤ |j− i|.
This result is due to R. Wasen for F sequences in a domain [12, theorem 1] (however with N(ui − uj) < max(i, j), as
Wasen indexes his sequences from u1).
Proof. (1) Assume, by way of contradiction, that NDE (ui − uj) > max(i, j), for some i 6= j. Consider the principal ideal
I = (ui − uj)D and let q = NE(I) = NDE (ui − uj). Among the first elements of the sequence, up to q, ui and uj are in the same
class modulo I . Thus {un} is not F ordered modulo I.
Conversely, assume that {un} is not F ordered modulo some (fractional) ideal I with norm q = NE(I): among the first
elements, up to q, ui and uj are in the same classmodulo I , for some i 6= j. Therefore, the principal ideal (ui−uj)D is contained
in I and NDE (ui − uj) ≥ NE(I) > max(i, j).
(2) follows from (1) as {un} is a strong F sequence if, for each k, the truncated sequence {un}n≥k is an F sequence. 
Wederive the following necessary condition for the existence of F sequences in a domainD. It is essentially due to Sophie
Frisch [10, proposition 3.11].
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Corollary 1.12. Let D be a domain such that there exists an F sequence of finite length L in D. Then every ideal I of D such that
N(I) ≤ L is a principal ideal. In particular, a Schinzel domain with finite residue rings is a principal ideal domain.
Proof. Set q = N(I). If {un} is an F sequence of length L, then {u0, . . . , uq−1} is a complete set of residues modulo I .
Hence, there is k < q, such that uq is in the class of uk modulo I . Set a = uq − uk. As {un} is an F sequence, we have
N(a) = N(uq − uk) ≤ q [Proposition 1.11]. As a ∈ I , we also have N(a) ≥ N(I). Finally, N(a) = N(I) = q, therefore,
I = Da. 
In fact, Sophie Frisch showed that a Schinzel domain with finite residue rings is Euclidean for the norm. The previous
corollary does not apply to subsets: for instance, we shall see that Z is a strong Schinzel subset of every characteristic 0
domain [Proposition 2.1].
1.7. Generalities on good sequences
For short, we will talk of a good sequence for a sequence which satisfies one of the properties introduced above. This
allows one to state some generalities valid for each of these properties. Similarly we will talk of a good subset or a good
domain.
Lemma 1.13. Let E be a (fractional) subset of the domain D and a, b ∈ D, a 6= 0. A sequence {un} is a good sequence in E if and
only if {aun + b} is a good sequence in aE + b = {ax+ b | x ∈ E}.
Proof. For (strong) N sequences, the result follows from the fact that a polynomial is integer valued on E if and only if
f
( X−b
a
)
is integer-valued on aE+ b and for (strong, V.W.) F sequences, from the fact that the relation of congruence modulo
a fractional ideal I in E is the same as the relation of congruence modulo aI in aE + b. 
In particular, for a sequence {un} of the domain D and a unit a of D, {un} is a good sequence if and only {aun+ b} is a good
sequence of D [10, Section 3.1 for Newton sequences].
It follows from Proposition 1.10 that a good sequence of D is F-ordered modulo P , for every prime ideal P . As the norm
of P is at least 2, u0 and u1 must be in distinct classes modulo P and u1 − u0 is a unit. Considering truncated sequence, we
obtain a necessary condition for strong F and N sequences.
Proposition 1.14. Let {un} be a strong F or N sequence of the domain D. Then, for each k, uk − uk−1 is a unit in D.
This is not the case of sequences in a subset: for instance, it follows from Lemma 1.13 that the sequence {1, 3, 5, . . .} is
both a strong N and strong F sequence of the subset formed by the odd integers in Z. Yet, we conversely have immediately
the following sufficient condition even in the case of sequences in a subset.
Proposition 1.15. Let {un} be a sequence of the (fractional) subset E of the domain D. If ui − uj is a unit for i 6= j, then {un} is
both a strong N and strong F sequence.
Thus the (length 1) sequence {0, 1} satisfies all properties in every domain D. As Wasen [12] we say a sequence {un} is
basal ifu0 = 0 andu1 = 1. Given a good sequence {un}, subtractingu0 fromall terms thenmultiplying all terms by (u1−u0)−1
(as u1−u0 is a unit), we obtain a good basal sequence of same length.We can thus always assume our sequences to be basal.
1.8. Sequences in Z
We end this section with a characterization of sequences in Z.
Proposition 1.16. Let {un} be a length L sequence in Z.
(1) The following are equivalent.
(a) {un} is a strong N sequence.
(b) {un} is a strong F sequence.
(c) {un} is monotonic and formed of consecutive integers.
(2) The following are equivalent.
(a) {un} is an N sequence.
(b) {un} is a V.W.F. sequence.
(c) {un} is an F sequence.
(d) for each k ≤ L, {u0, . . . , uk} is a set of consecutive integers.
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Proof. (1) follows easily from the fact that for strong N or F sequences, the difference of two consecutive terms is a unit
[Proposition 1.14].
(2) • In Z we have N(a − b) = |a − b| (for a 6= b), hence it follows from Proposition 1.11 that an F sequence satisfies (d).
Conversely, assume (d). Let q, k, r be non-negative integers, with r ≤ q. The first qk+r terms of the sequence are consecutive
integers, and so are the first qk terms which then form k complete sets of representatives modulo q. The remaining r terms
are in distinct classes modulo q. Thus {un} is a V.W.F. and a fortiori an F sequence.
• Assume (d). As the first k terms of the sequence are consecutive, they can serve as a test set for integer-valued
polynomials of degree d < k [13, Corollary I.1.2]. Therefore {un} is an N sequence. Conversely, suppose that (d) fails: for
some k, {u0, . . . , uk} is not a set of consecutive integers. Let k be the least such integer: {u0, . . . , uk−1} is a set of consecutive
integers and some integer b is between that set and uk. Then,
|b− uj| < |uk − uj|, ∀j < k.
We can conclude that the polynomial fk is not integer-valued, and hence, that {un} is not an N sequence. Indeed,
|fk(b)| =
k−1∏
j=0
∣∣∣∣ b− ujuk − uj
∣∣∣∣ < 1. 
2. Change of subsets and domains
We compare properties of sequences in two subsets E ⊆ E ′ of the same domain D or a subset E of two domains D ⊆ D′.
As above we say good sequence for a sequence which satisfies one of the properties studied here.
2.1. Going down from E ′ to E and up from D to D′
Proposition 2.1. Let {un} be a length L sequence in a (fractional) subset E of D.
(1) If {un} is a good sequence of a larger subset E ′ of D, then it is a good sequence of E.
(2) If {un} is a good sequence of E in D, then it is a good sequence of E as a subset of a larger domain D′. In particular, if E is a
good subset of D, then it is a good subset of D′.
Proof. • For (strong) Newtonian sequences, (1) and (2) follow respectively from the containments Int(E ′,D) ⊆ Int(E,D)
and Int(E,D) ⊆ Int(E,D′).
• For (strong) Schinzel sequences, (1) follows from the characterizations of Proposition 1.11 and the (obvious) inequality
NDE (a) ≤ NDE′(a), for each a ∈ D.• For (2) in the case of all Schinzel properties, replacing E by aE, if need be, we may let E be a subset of D [Lemma 1.13]. For
every ideal I ′ of D′, if I = I ′ ∩ D, two elements of E are in the same class modulo I in D if and only if they are in the same
class modulo I ′ in D′. Thus, any repartition property of {un}modulo I implies the same property modulo I ′.
• We are left with the first assertion for a sequence {un} of E which is a V.W.F. sequence in E ′. Let I be an ideal of D. Set
q = NE(I) and q′ = NE′(I), then q ≤ q′.
— If L < q′, all terms of the sequence are in distinct classes modulo I and this is all we want to conclude that the sequence
is well ordered modulo I in E.
— If L ≥ q′, the first q′ terms are in distinct classes modulo I . But these terms are in E, thus q ≥ q′, and, in fact, q = q′.
Consecutive terms of the sequence in number at most q indexed by a multiple q are then the same as consecutive terms in
number at most q′ indexed from a multiple of q′. 
In particular, Z is both a strong Schinzel and a strong Newtonian subset of any domain D in which it is contained.
Remark 2.2. The converse statements do not hold:
— A sequence may be a strong F or N sequence of E but not even an F nor N sequence of a larger subset E ′. For instance, the
sequence {n} of natural integers satisfies all properties in Z as a subset of a larger domain D but possibly none as a sequence
of the domain D itself (if D is not principal, it follows from Corollary 1.12 that there are no infinite F sequences in D and we
give below [Corollary 2.6] necessary conditions for {n} to be an N sequence in D).
— A sequence may be a strong F or N sequence of E as a subset of a larger domain D′ but not even an F nor N sequence of
E in D. Indeed, for E = D in particular, it follows from Proposition 1.15 that any sequence of D satisfies all properties as a
sequence of its quotient field, provided its terms are distinct.
2.2. Going up from E to E ′: Polynomially dense subsets
We give here a partial converse for Newtonian sequences. Generalizing [13, IV Section 1], we say that E is polynomially
dense in E ′ up to L if IntL(E,D) = IntL(E ′,D).
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Proposition 2.3. Let D be a domain and E ⊆ E ′ be two subsets of D such that E is endowed with an N sequence of length L. The
following assertions are equivalent.
(1) Some length L sequence in E is an N sequence of E ′.
(2) E is polynomially dense in E ′ up to L.
(3) For every length L sequence {un} in E, {un} is a (strong) N sequence of E if and only if it is a (strong) N sequence of E ′.
Proof. (1)⇒ (2). Assume some length L sequence in E is an N sequence of E ′. If a degree n polynomial, n ≤ L, takes integer-
values on the first n+ 1 terms of this sequence (which are elements of E), it is then integer-valued on E ′. A fortiori, we thus
have IntL(E,D) ⊆ IntL(E ′,D) (and the reverse containment always holds).
(2)⇒ (3). Let {un} be an N sequence of E. The associated polynomials fn belong to IntL(E,D) = IntL(E ′,D)). Thus, {un} is an
N sequence of E ′. This being true for every N sequence, it is then also true for strong N sequences. Finally, we already know
that every (strong) N sequences of E ′ is a (strong) N sequences of E [Proposition 2.1].
(3)⇒ (1). By hypothesis, there exists an N sequence of length L in E. From (2) this sequence is an N sequence of E ′. 
We have a similar result for sequences in domains D ⊆ D′ (although, contrary to the case of subsets, the properties do
not go down from D′ to D).
Corollary 2.4. Let D ⊆ D′ be two domains such that D is endowed with an N sequence of length L. The following assertions are
equivalent.
(1) Some length L sequence in D is an N sequence of D′.
(2) D is a polynomially dense subset of D′ up to L.
(3) IntL(D) ⊆ IntL(D′).
(4) Every length L (strong) N sequence of D is a (strong) N sequence of D′.
Proof. (1)⇒ (2). Let {un} be a sequence in D which is an N sequence of D′. If g is in IntL(D,D′), then g(uj) ∈ D′ for each j,
and hence, g ∈ IntL(D′). Thus D is polynomially dense in D′ up to L.
(2)⇒ (3). If D is dense in D′ up to L, then
IntL(D) ⊆ IntL(D,D′) = IntL(D′).
(3)⇒ (4). Let {un} be an N sequence of D. From Proposition 1.2, the associated polynomials fn belong to IntL(D) ⊆ IntL(D′),
thus {un} is an N sequence of D′. This being true of every N sequence, it holds also for strong N sequences.
(4)⇒ (1). By hypothesis, D is endowed with an N sequence of length L. Assuming (4), this sequence is also an N sequence
of D′. 
Remarks 2.5. (1) We noted above [Remark 2.2] that a sequence of D may be a strong N sequence of D′ and not even an N
sequence of D, even in the case where D is polynomially dense in D′ (as D is polynomially dense in its quotient field).
(2) We can show that, if D is endowed with an N sequence {un}, we then have Int(D,D′) = D′Int(D) (which is not always
the case [13, IV, Exercise 27]): for g in IntL(D,D′), one can write g as a combination g = ∑k λkfk, with coefficients in the
quotient field of D′. Since the polynomials fn associated to the sequence {un} are in Int(D), we can show inductively, as in
Proposition 1.2, that the coefficients λk are in D′, using the recursive formula
λk = g(uk)− λ0 − λ1f1(uk)− · · · − λk−1fk−1(uk).
2.3. Z dense in D
There is an abundant literature on pairs of domains D ⊆ D′ such that D is polynomially dense in D′ (see for instance
[13, Section IV.3]). We derive a condition for the sequence of natural integers {n}0≤n≤L to be a (strong) N sequence in a
larger domain D, for L finite of infinite, generalizing [13, Theorem IV.3.1].
Corollary 2.6. Let D be a domain of characteristic 0. The following assertions are equivalent.
(1) The sequence {n}0≤n≤L is a (strong) N sequence of D.
(2) Z is polynomially dense in D up to L.
(3) For each prime number p ≤ L, the Fermat polynomial Xp−Xp is integer-valued on D.
(4) For each prime number p ≤ L which is not invertible in D, each prime ideal M of D containing p is such that MDM = pDM
and D/M ' Z/pZ.
Proof. (1)H⇒ (2) From the previous corollary.
(2)H⇒ (3) IfZ is polynomially dense inD up to L, as the polynomial Xp−Xp is integer-valued onZ for p ≤ L, it is integer-valued
on D.
(3) H⇒ (4) The proof is as in [13, Lemma IV.3.6]. Assume Xp−Xp is integer-valued on D and let M be a prime ideal of D
containing p. On one hand, for each a ∈ D, ap − a ∈ M , thus D/M ' Z/pZ. On the other, for each a ∈ M, ap−1 − 1 is a unit
in DM , and henceMDM is contained in (and thus equal to) pDM .
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(4)H⇒ (1) It is enough to prove that the binomial polynomials fn =
(
X
n
)
associated to the sequence of integers are integer-
valued on D for n ≤ L. Let S be the multiplicative set generated by the prime numbers p > L. As each prime number pwhich
is not invertible in S−1D satisfies condition (3), Z is polynomially dense in S−1D [13, Theorem IV.3.1]. Let a ∈ D, andM be a
maximal ideal of D. IfM contains a prime p ≤ L, thenM does not meet S and fn(a) ∈ S−1D ⊆ DM . IfM does not contain any
prime p ≤ L, then n! is not contained inM , hence
(
X
n
)
∈ DM [X], and again fn(a) ∈ DM .We can conclude that fn(a) ∈ D. 
In particular, Z is never a Newtonian subset of the ring of integers OK of a number field K (except K = Q): if some
sequence of Z were an N sequence of OK , that would then be the case of every N sequence of Z, but {n}n∈N is not an N
sequence of OK , as some primes do not split completely in K . However, it is a strong Newtonian sequence of a localization
of OK , killing every prime which does not split completely. This provides examples of Newtonian domains which are not
Schinzel domains.
Example 2.7. Let K = Q(√−p) where p is prime, p ≡ 7 (mod 8), S be the multiplicative set in Z generated by the primes
which do not split in K , and D be the localization D = S−1OK . Then D is a strong Newtonian domain. We claim that D is
not principal for p > 8, and hence not a Schinzel domain [Corollary 1.12.]. As −p ≡ 1 (mod 8), 2 is decomposed, that is
2OK = PQ , with P,Q prime ideals with norm 2 in OK . We show that S−1P is not principal in D. By way of contradiction,
assume that S−1P = αD. We can choose α in OK . Write αOK = P∏i Qi. The prime ideals Qi of OK (if any) are all above
primes of Z which are not decomposed. Writing α = a+b
√−p
2 , with a, b ∈ Z (b 6= 0) and taking the norms, we obtain a
diophantine equation of the form
a2 + pb2 = 8c. (1)
If there is a solution to (1), we may as well consider one where c is minimal. Assuming p > 8, we must have c 6= 1. Then
c has a prime factor q that must be either ramified or inert in K . If q is ramified, then q = p and thus p divides a. Writing
c = pc1 and a = pa1, and canceling p, we obtain another solution to (1): pa21 + b2 = 8c1 with c1 < c , a contradiction with
the choice of c. So q is inert. If q divides b, then it also divides a. But then q2 divides the left-hand side of (1) and, as q2 is
coprime to 8, it divides c. Canceling q2, we again obtain a solution: a21+ pb21 = 8c1 with c1 < c. Thus q does not divide b and
(1) leads to the relation:
a2 ≡ (−p)b2 (mod q) with b 6≡ 0 (mod q).
We obtain a contradiction as−p is not a square modulo q, since q is inert.
2.4. Localization
Considering a multiplicative subset S of D, the localization S−1D is a domain containing D. It thus follows from
Proposition 2.1 that every good sequence of E is a good sequence of E as a subset of S−1D. On the other hand, as D is
polynomially dense in S−1D [13, Corollary I.2.6], it follows from Proposition 2.3 that every N sequence of D is an N sequence
of S−1D. In fact, every property is preserved by localization for sequences in a domain.
Proposition 2.8. Let S be a multiplicative subset of the domain D. Then every good sequence of D is a good sequence of S−1D. In
particular, if D is a good domain, then so is S−1D.
Proof. It remains to consider the case of (strong, V.W.) F sequences. Every ideal of S−1D is of the form S−1I for some saturated
ideal I of D, that is, such that I = S−1I ∩ D. Thus D/I is contained in S−1D/S−1I and ND(I) ≤ NS−1D(S−1I). If ND(I) is infinite,
then so is NS−1D(S
−1I). If D/I is finite, it is Artinian, then S−1D/S−1I is an homomorphic image of and thus isomorphic to
D/I. Then, two elements of D are in the same class modulo I if and only if they are in the same class modulo S−1I . Hence any
repartition property modulo I for a sequence {un} in D implies the same property modulo S−1I. 
Conversely, if a polynomial takes its values in DM for every maximal ideal M of D, then it takes its values in D (and the
same clearly holds for any collection ofmultiplicative sets such thatD = ∩i∈I S−1i D). ThusN sequences have a good behavior
under localization that we summarize as follows.
Proposition 2.9. (1) Let {un} be a sequence in a (fractional) subset E of the domain D. Then {un} is a (strong) N sequence of E
in D if and only if, for each maximal ideal M of D, it is a (strong) N sequence of E in DM .
(2) Let {un} be a sequence in the domain D. Then {un} is a (strong) N sequence of D if and only if, for each maximal ideal M of D,
it is a (strong) N sequence of DM .
We shall see that there is no such globalization for F properties.
2.5. Going down from D′ to D
A good sequence of E in D is a good sequence of E as a subset of a larger domain D′. We give here a condition allowing to
go down from D′ to D.
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Proposition 2.10. Let D ⊆ D′ be two domains, with respective quotient fields K ⊆ K ′, such that D = K ∩ D′ and E be a
(fractional) subset of D. Then a sequence in E is a good sequence of E in D if (and only if) it is a good sequence of E in D′.
Proof. Replacing E by aE, if need be, we may take E to be a subset of D [Lemma 1.13].
• For (strong) N sequences the result follows from the (obvious) equality Int(E,D) = Int(E,D′) ∩ K [X].
• For (strong) F sequences, we use the characterization of Proposition 1.11. We note that for a ∈ D, a 6= 0, the relation
x ≡ y (mod aD) in E holds if and only if x ≡ y (mod a′D). Indeed, writing x− y = λa, with λ = x−ya ∈ K , λ ∈ D, if and only
if λ ∈ D′. It follows that NDE (a) = ND′E (a).• Finally, we consider the case where {un} is a (V.W.) F sequence in E as a subset of D′. As {un} is a fortiori an F sequence, it
follows from the previous case that it is an F sequence in E as a subset of D. We let I be an ideal of D, with norm q = NE(I),
and we consider two cases.
— L < q. All terms of the sequence are then in distinct classes modulo I and the sequence is also very well orderedmodulo I.
— L ≥ L. The first q terms of the sequence are in distinct classes modulo I and the next one uq is in the same class as ui for
some i < q. Set a = uq − ui. Then a ∈ I , and we have
q = NE(I) ≤ NDE (a) = NDE (uq − ui) ≤ max(q, i) = q.
It follows that the relation x ≡ y (mod I) is equivalent to x ≡ y (mod aD) in E, and hence, as above, also to x ≡ y (mod a′D).
As the sequence is assumed to be very well ordered modulo every ideal of D′, it is well ordered modulo a′D, and then also
modulo I . 
Corollary 2.11. Let D ⊆ D′ be two domains, with quotient fields K ⊆ K ′, such that D = K ∩ D′. If a sequence of D is a good
sequence of D′, then it is a good sequence of D.
Proof. If {un} is a good sequence of D′, it is a good sequence of D as a subset of D′ [Proposition 2.1(1)] and hence, from the
previous lemma, a good sequence of D. 
3. Sequences in a quasilocal domain
3.1. Sequences in a discrete valuation domain with finite residue field
Recall that, following Bhargava [7], a sequence {un} of a subset E of discrete valuation domain V , is said to be a v-ordering
if, u0 being arbitrarily chosen, un is inductively defined by the condition
∀x ∈ E, v
(
n−1∏
k=0
(un − uk)
)
≤ v
(
n−1∏
k=0
(x− uk)
)
. (2)
It is clear that (2) holds if and only if the polynomial fn =∏nk=0 X−ukun−uk is integer-valued. ThusN sequences are but v-orderings
in this case. In fact, this notion had been introduced and studied earlier by Yvette Amice in the case of a discrete valuation
domainwith finite residue field, under the name of very well ordered sequence [9]. She characterized the v-orderings as being
well ordered modulo each power Mk of the maximal ideal M , that is, as the very well F ordered sequences and moreover
gave a formula for the valuation of the factorial ideal n!V =∏n−1k=0 (un−uk)V . Wemay summarize all these results as follows.
Proposition 3.1. Let V be the domain of a discrete valuation v, with finite residue field of cardinal q, and {un} be a sequence of
length L in V . The following assertions are equivalent.
(1) {un} is an N sequence.
(2) {un} is a V.W.F. sequence.
(3) {un} is a v-ordering.
(4) for each n ≤ L,
v
(
n−1∏
k=0
(un − uk)
)
=
∑
k≥1
[
n
qk
]
.
A fortiori, an N sequence of a discrete valuation domain is then an F sequence. However, this result does not apply to
subsets, as shown by the following example.
Example 3.2. Let V be a discrete valuation domain, with maximal ideal M , such that |V/M| ≥ 4 and E be the subset
E = M3⋃{1 + M}. To start a v-ordering we can choose u0 = 0. It is easy to see that the next 4 terms, u1, u2, u3, u4
can then be taken in {1+M}, in distinct classes moduloM2 (in fact, this is a must for u1, u2, u3). The next term u5 must then
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be inM3,with v(u5) = 3, since we thus have v
(∏4
k=0 (u5 − uk)
)
= 3, whereas, for a ∈ {1+M}, v
(∏4
k=0 (a− uk)
)
≥ 4.
The sequence {u0, . . . , u5} is then an N sequence of length 6, but not an F sequence. Indeed, u0 ≡ u5 (mod M3), whereas
NE(M3) = |M/M3|+1 ≥ 17. Note also that E is not a strong Newtonian subset of V . Indeed a Newtonian sequence of length
4 is necessarily such that, among the first two elements, one is inM3, the other in {1+M} and the next two are necessarily
in {1+M}. Truncating this sequence by removing the first two elements does not then leave an N sequence. The maximal
length for a strong N sequence is 3.
Considering truncated sequences, it follows that strong N and strong F sequences are here the same. In fact, they are the
very well distributed and very well ordered (for short V.W.D.W.O.) sequences [13, Section II.2]. Denoting by vq(m) the greatest
integer k such that qk dividesm, recall that a sequence {un} of length L is a V.W.D.W.O. sequence if and only if
(∗) for each i, j < L, v(uj − ui) = vq(j− i).
Corollary 3.3. Let V be a discrete valuation domain with finite residue field and {un} be a sequence in V . The following assertions
are equivalent.
(1) {un} is a strong N sequence.
(2) {un} is a strong F sequence.
(3) {un} is a V.W.D.W.O. sequence.
Proof. It remains to show that (2) and (3) are equivalent. Clearly condition (∗), implies that, for each k, if |j− i| < qk, then
ui, uj are in distinct classes modulo Mk, that is, {un} is strongly well ordered modulo Mk. For sake of completeness, let us
prove that conversely (2) implies condition (∗) [13, Remarks II.2.2 (iii)]. As the norm of Mk is qk and {un} is strongly well
ordered moduloMk, it follows from Proposition 1.6 that, if qk divides |j− i|, then (uj− ui) ∈ Mk. Thus v(uj− ui) ≥ vq(j− i).
For the reverse inequality, set vq(j− i) = k and write
j− i = mqk+1 + r with r < qk+1.
Then r 6= 0, since qk+1 does not divide j− i. Set s = i+mqk+1. From our previous inequality, v(us− ui) ≥ vq(s− i) ≥ k+ 1.
On the other hand, j − s = r < qk+1 thus uj, us are in distinct classes modulo Mk+1, that is, v(uj − us) < k + 1. Thus
v(uj − ui) < k+ 1. 
3.2. Principal ideals
We now turn to sequences in a quasilocal domain D. We letM be the maximal ideal of D and q = |D/M| be the norm of
M , finite or infinite.
We first consider a sequence of length L < q. By definition, an F sequence {un} is F ordered modulo the maximal ideal
M , but so is also an N sequence from Proposition 1.10. Thus ui − uj is a unit, for i 6= j, and we derive the following from
Proposition 1.15.
Proposition 3.4. Let D be a quasilocal domain with maximal ideal M, q be the norm of the maximal ideal, and {un} be a sequence
in D of length L < q. Then the following are equivalent.
(1) {un} is an F sequence.
(2) {un} is an N sequence.
(3) {un} is both a strong F and strong N sequence.
(4) All terms of {un} are in distinct classes modulo M.
In particular, a quasilocal domainwith infinite residue field is both a strongNewtonian and strong Schinzel domain.More
interesting is the case of a sequence of length L ≥ q (when q is finite). It follows from Corollary 1.12 that if there is such an
F sequence thenM is a principal ideal. In fact, the same holds for an N sequence.
Proposition 3.5. Let D be a quasilocal domain with finite residue field and q be the norm of the maximal ideal M of D. If there is
an N sequence of length L ≥ q in D, then M is a principal ideal.
Proof. Suppose there is an N sequence {un} of length q. We may assume it is basal (that is, such that u0 = 0 and u1 = 1).
From Proposition 1.10, u0, . . . , uq−1 is a complete set of representatives modulo M . Set α = ∏q−1k=0 uq − uk, then α ∈ M .
For each x ∈ M , the product∏q−1k=1 x − uk is a unit in D, but, as the associated polynomial fq = ∏q−1k=0 X−ukα is integer-valued,
x
(∏q−1
k=1 x− uk
)
∈ αD.We then have x ∈ αD. HenceM is contained, and thus equal to, the principal ideal αD. 
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3.3. Main result for quasilocal domains
From Lemma 3.6, wemay focus on quasilocal domains such that themaximal ideal is principal. Recall that a divided prime
of a domain D is a prime ideal P such that PDP = P.
Lemma 3.6. Let D be a quasilocal domain such that the maximal ideal M is principal and P be the intersection P = ⋂∞n=1Mn.
Then
(1) P is a divided prime ideal of D.
(2) Every ideal of D compares to P with respect to containment.
(3) D/P is a discrete valuation domain.
Proof. We let x be a generator of the maximal ideal.
— That P is a prime ideal of D and that D/P is a discrete valuation domain is well known.
— Let us show that every ideal compares to P . Assume I 6⊆ P , and let y ∈ I, y 6∈ P . Let k be the valuation of y in D/P . Then
y = axk+ p, where a is a unit, p ∈ P . As P =⋂∞n=1Mn, p = bxk+1, where b ∈ D. Thus y = (a+ xb)xk, where a+ xb is a unit,
and hence, xk ∈ I . Therefore, P ⊂ Mk ⊆ I.
— As every ideal compares to P,DP = D
[ 1
x
]
. Let us show that P is divided. If z ∈ PDP , we may write z = pxn , where p ∈ P,
and n is an integer. As P = ⋂∞n=1Mn, p = axn+1, where a ∈ D. Hence z = axn+1xn ∈ D. It follows that PDP ⊆ P . The reverse
containment is obvious. 
We now show that the properties of a sequence {un} in D are reflected by the sequence {un} in D/P , where un denotes
the class of un modulo P.
Lemma 3.7. Let {un} be a sequence in D. Then {un} is a good sequence of D if and only if {un} is a good sequence of D/P.
Proof. Every ideal ofD/P is of the form I/P , where I is an ideal ofD containing P . Obviously a good repartition of {un}modulo
I is equivalent to a good repartition of {un}modulo I/P . In particular, if {un} satisfies one of the F properties (I, II or III), then
{un} satisfies the same property in D/P. Conversely, if {un} satisfies some F property, then {un} satisfies the corresponding
repartition property modulo I , for every ideal containing P . In particular, {un} is at least F ordered moduloMk for all k, and
hence, its terms are in distinct classes modulo P . For each ideal I contained in P , the terms of {un} are a fortiori in distinct
classes modulo I and {un} satisfies all repartition properties modulo I.
Let us now consider N properties. If f is a polynomial with coefficients in DP , we denote by f its class in DP/PDP (quotient
field of D/P). For a ∈ D, f (a) ∈ D, is equivalent to f (a) ∈ D/P . Indeed, f (a) ∈ D/P implies f (a) ∈ D+ PDP , that is, f (a) ∈ D,
since P is a divided ideal, and the converse is obvious. It follows that {un} is a test sequence for integer-valued polynomials
of D if and only if {un} is a test sequence for integer-valued polynomials of D/P (note that if f is integer-valued, then its
coefficients are in DP , as D/P is infinite). 
From the properties of sequences in a discrete valuation domain, we can finally conclude with the following.
Proposition 3.8. Let D be a quasilocal domain and {un} be a sequence in D. Then
(1) {un} is an N sequence if and only if it is a V.W.F. sequence.
(2) {un} is a strong N sequence if and only if it is a strong F sequence.
Proof. LetM be the maximal ideal of D. For sequences shorter than the norm ofM , all properties are equivalent. For longer
sequences,M is principal and the properties of {un} are reflected in the valuation domain D/P , where P =⋂∞n=1Mn. 
A discrete valuation domain can always be endowed with an infinite sequence that is both a strong N and strong F
sequence, since there is always a V.W.D.W.O. sequence in the case the residue field is finite [13, Proposition II.2.3], and
simply by taking the terms of the sequence in distinct classes modulo the maximal ideal in the case the residue field is
infinite. We thus derive the following.
Corollary 3.9. Let D be a quasilocal domain. If the residue field is infinite or the maximal ideal is principal then D is both a strong
Schinzel and strong Newtonian domain. Otherwise, D is neither a Schinzel nor a Newtonian domain.
In other words, either D satisfies all properties, or it fails to satisfy any. More precisely, if the residue field is finite and the
maximal idealM is not principal, the maximal length of an F or an N sequence is the norm ofM [Proposition 3.5]. However,
even in the case of a discrete valuation domain with finite residue field, a given V.W.F. sequence need not be a strong F
sequence and a given N sequence need not be a strong N sequence.
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4. Globalization
4.1. Properties in finite norms
We have seen that, in a Schinzel domain, every ideal with a finite norm is principal [Corollary 1.12]. On the other hand,
using the localization properties [Proposition 2.9], it follows from Proposition 3.5 that, in a Newtonian domain D, every
maximal ideal M with finite residue field is such that MDM is principal in DM . In the case of a domain D with finite residue
rings (that is, such thatD/I is finite for each nonzero ideal I),D is Noetherian andwemay summarize these results as follows.
Proposition 4.1. Let D be a domain with finite residue rings.
(1) If D is a Newtonian domain, then D is a Dedekind domain.
(2) If D is a Schinzel domain, then D is a principal ideal domain.
If D is not a domain with finite residue rings, we focus on the ideals with finite norm as they play a key role in our study
and thus set the following definitions.
Definitions 4.2. Let D be a domain.
• We say that D is a quasilocal domain in finite norms (resp. quasilocal domain in finite norms up to L) if D has at most one
maximal ideal with finite norm (resp. with norm q ≤ L).
• We say that D is a principal ideal domain in finite norms (resp. up to L) if every ideal with finite norm (resp. with norm
q ≤ L) is principal.
• We say that D is a Dedekind domain in finite norms (resp. up to L) if every maximal ideal M with finite norm (resp. with
norm q ≤ L) is such thatMDM is principal in the quasilocal ring DM .
We could define many similar properties such as Noetherian in finite norms. Clearly a principal ideal domain in finite
norms is both Noetherian in finite norms and a Dedekind domain in finite norms. With these definitions, we can generalize
Proposition 4.1 as follows.
Proposition 4.3. Let D be a domain.
(1) If there is an N sequence of length L in D, then D is a Dedekind domain in finite norms up to L. In particular, a Newtonian
domain is a Dedekind domain in finite norms.
(2) If there is an F sequence of length L in D, then D is a principal ideal domain in finite norms up to L. In particular, a Schinzel
domain is a principal ideal domain in finite norms.
The following bears some similarity with the usual properties of Dedekind domains.
Lemma 4.4. Let D be a Dedekind domain in finite norms up to L. If an ideal I of D is contained in only finitely many primes, each
such prime being a maximal ideal M with norm N(M) ≤ L, then I is the product, in a unique way, of these maximal ideals. In
particular, each ideal I such that N(I) ≤ L is the product, in a unique way, of maximal ideals.
Proof. LetMi be a maximal ideal containing I. The maximal idealMiDMi of the quasilocal ring DMi is principal and it follows
from Lemma 3.6 that IDMi = (MiDMi)ki for some integer ki > 0. It follows that I =
∏
iM
ki
i (comparing the localizations, at
everymaximal ideal, of I and the product
∏
iM
ki
i ). The exponent ki is uniquely determined: it is the infimumof the valuations
v(x) for x ∈ I,where x denotes the class of x in the discrete valuation domain DMi/Pi with Pi =
⋂∞
n=1(MiDMi)
n. 
Remarks 4.5. (1) It follows from Corollary 2.6 that a Newtonian domain can be a non-Noetherian almost Dedekind domain
(we may consider the localization at a prime p of the ring of integers of an infinite algebraic extension of Q where p splits
completely). In particular, a Dedekind domain in finite norms need not be Noetherian in finite norms: the maximal ideals
may all be with finite norm, none of them being finitely generated, a fortiori, none of them being invertible.
(2) If V is a rank one non-discrete valuation domainwith finite residue field, themaximal idealM is the only ideal with finite
norm. Every ideal with finite norm is thus a product of maximal ideals. Yet V is not a Dedekind domain in finite norms. If
x 6= 0, the principal ideal Vx is contained in only one prime ideal (the maximal ideal with finite norm), but Vx is not the
product of maximal ideals.
(3) If V is an infinite dimensional valuation domainwith finite residue field such that themaximal idealM is the union of the
chain of non-maximal prime ideals, thenM is the only ideal which is contained in finitely many primes andM is a product
of maximal ideals. Yet V is not a Dedekind domain in finite norms.
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4.2. Main result
Each property I, II, and III, (that is, strong F , V.W.F. or F ) is stable by localization [Proposition 2.8]. On the other hand, they
coincide in the quasilocal case to N properties [Proposition 3.8] which hold if and only if they hold locally [Proposition 2.9].
We thus have the following:
Theorem 4.6. Let D be a domain and {un} be a sequence in D. Then
(1) {un} is locally a strong F sequence if and only if it is a strong N sequence. In particular, a strong F sequence is a strong N
sequence.
(2) {un} is locally a V.W.F. sequence if and only if it is an N sequence. In particular, a V.W.F. sequence is an N sequence.
In other words, letting I*, II*, and III* be the local properties corresponding respectively to I, II, and III, we have the
implications
I −−−−→ II −−−−→ IIIy y y
I∗ −−−−→ II∗ −−−−→ III∗
and, according to our previous notations [Definition 1.1],
• I* (locally strong F ) is the same as strong N .
• II* (locally V.W.F.) is the same as N .
We shall see, at the end of this section, that none of these implications can be reversed. Yet we show next that I is
equivalent to I* together with an extra condition that we call the injectivity of the norm.
4.3. Injectivity of the norm
We start this paragraph with easy necessary conditions for the existence of (strong) F sequences.
Proposition 4.7. Let D be a domain.
(1) If there exists an F sequence of length L in D then, for each q ≤ L, there are at most q ideals with norm q in D.
(2) If there exists a strong F sequence of length L in D then, for each q ≤ L, there is at most one ideal with norm q in D.
In particular, if D is a Schinzel (resp. a strong Schinzel) domain then, for each q, there are at most q ideals (resp. there is
at most one ideal) with norm q in D.
Proof. (1) Let {un} be an F sequence of length L. Assume, by way of contradiction, there are q + 1 ideals with norm q ≤ L
in D. For each such ideal, {u0, . . . , uq−1} is a complete set of residues and uq is congruent to some ui < q. As there are q+ 1
such ideals, uq is congruent to the same ui modulo two distinct ideals I and J , and hence, uq − ui ∈ I ∩ J . As I ∩ J is strictly
contained in I , we thus have N(uq − ui) ≥ N(I ∩ J) > N(I) = q and reach a contradiction by Proposition 1.11.
(2) Let {un} be a strong F sequence of length L. Assume by way of contradiction that there are two distinct ideals I and J
with norm q ≤ L. Then uq ≡ u0 (mod I) and uq ≡ u0 (mod J) [Proposition 1.6]. We reach a contradiction as above. 
It follows in particular that the ring of integers of a number field K (K 6= Q) is never a strong Schinzel domain: more
precisely, as we know that infinitely many primes split in a number field [14, Théorème 1, p. 378], the maximal length of a
strong F sequence is p− 1, where p is the smallest prime that splits in K .
We note that these conditions do not apply to subsets (as, for instance, Z is a strong Schinzel subset of every domain in
which it is contained [Proposition 2.1]).
Definition 4.8. We say that a domainD satisfies the injectivity of the norm (resp. the injectivity of the norm up to L) if, for each
prime number p (resp. each prime p ≤ L), there is at most one prime ideal Q in Dwith finite residue field of characteristic p
(resp. with N(Q ) ≤ L and D/Q of characteristic p).
If there is an F sequence of length L then D is principal in finite norms up to L, a fortiori D is a Dedekind in finite norms
up to L [Proposition 4.3] and then every ideal I of norm N(I) ≤ L is the product of maximal ideals [Lemma 4.4]. We can thus
link the injectivity of the norm to the necessary condition in Proposition 4.7.
Lemma 4.9. Let D be a Dedekind domain in finite norms. If D satisfies the injectivity of the norm up to L then, for each number
q ≤ L, there is at most one ideal I in D with norm N(I) = q. The converse holds if L is infinite.
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Proof. If I is an ideal such that N(I) = q ≤ L, then I is decomposed in a product of prime ideals of D, each one such that
N(Q ) ≤ L, and with a residue field of characteristic p dividing q. If D satisfies the injectivity of the norm then, for each such
p, there is only one such Q , and hence only one ideal I with N(I) = q. Conversely, if D does not satisfy the injectivity of the
norm, there are two distinct prime ideals Q1 and Q2, with N(Q1) and N(Q2) both powers of the same prime p. Hence there
are integers a and b such that N(Q a1 ) = N(Q b2 ). 
We next provide an example to show that the converse may fail for a finite L.
Example 4.10. Let D be a semi local Dedekind domain with two maximal ideals Q1 and Q2,with respective norms N(Q1) =
q1 = pk1 and N(Q2) = q2 = pk2 such that k1 < k2 < 2k1. Taking L = q2, then D does not satisfy the injectivity of the norm
up to L. Yet, the only two ideals with norm bounded by L are Q1 and Q2, with N(Q1) 6= N(Q2).
We show now that, in fact, it is the injectivity of the norm which is necessary for strong F sequences and give a partial
converse of Theorem 4.6, relating strong F and strong N sequences.
Theorem 4.11. Let D be a domain and {un} be a a length L sequence in D. The following assertions are equivalent.
(1) {un} is a strong F sequence.
(2) {un} is a strong N sequence and D satisfies the injectivity of the norm up to L.
(3) {un} is both an F sequence and a strong N sequence.
In particular, D is a strong Schinzel domain if and only if it is a strong Newtonian domain and satisfies the injectivity of the norm.
Proof. (1) H⇒ (2). Assuming (1), {un} is a strong N sequence from Theorem 4.6 and it remains to show that D satisfies
the injectivity of the norm up to L. Suppose, by way of contradiction, there are two prime ideals Q1 and Q2, with distinct
norms q1 ≤ L and q2 ≤ L, both powers of the same prime p. The larger, say q2, is then a multiple of q1. Hence it follows
from Proposition 1.6 that uq2 − u0 belongs to both Q1 and Q2, and thus to the product I = Q1Q2. As N(I) > q2, we reach a
contradiction.
(2)H⇒ (3). Assuming (2), we want to show that, for each ideal I, {un} is F ordered modulo I . We set N(I) = q and consider
two cases.
• I is contained in only finitely many primesMk, each of themmaximal with a finite norm N(Mk) = qk ≤ L. Having a strong
N sequence of length L, then D is a Dedekind domain in finite norms up to L [Proposition 4.3]. Thus I =∏kMnkk [Lemma 4.4].
If uj ≡ ui (mod I), then uj ≡ ui (mod Mnkk ) for each k. As {un} is a strong N sequence, it is locally V.W.D.V.W.O. and hence,
qnkk divides (j− i). From the injectivity of the norm, the residue fields D/Mk have distinct characteristics. It follows that the
numbers qnkk are pairwise coprime. Hence N(I) = q =
∏
k q
nk
k divides (j− i). Thus, for i, j < q, i 6= j, uj 6≡ ui (mod I).• I does not satisfy the previous hypothesis (in particular, q > L, or q is infinite). If L is finite, it follows from the injectivity of
the norm that I must be contained in amaximal idealM with norm N(M) > L. If L is infinite, then I must either be contained
in a maximal ideal with infinite norm or in maximal ideals with arbitrarily large finite norms. In any case, given two distinct
terms uj, ui of the sequence, I is contained in a maximal idealM such that N(M) > (j− i). As {un} is a strong N sequence, it
is F ordered moduloM [Proposition 1.10]. Thus uj 6≡ ui (mod M) and a fortiori uj 6≡ ui (mod I).
(3) H⇒ (1). Let I be an ideal with norm q. As {un} is an F sequence, its first terms up to q are in distinct classes modulo I .
If q is infinite or q > L, there is nothing more to say. So we suppose that q is finite and q ≤ L. Thus I is contained in only
finitely many primesMk, each of themmaximal with a finite norm N(Mk) = qk ≤ L and, as above, I =∏kMnkk . Since {un} is
a strong N sequence, it is locally V.W.D.V.W.O. If q divides (j− i) then qnkk divides (j− i) for each k, hence uj ≡ ui (mod Mnkk )
for each k, and thus uj ≡ ui (mod I). As {un} is F ordered modulo I , it follows from Proposition 1.6 that it is strongly well
ordered modulo I. 
4.4. Quasilocal domains in finite norms
If D is a quasilocal domain in finite norms up to L, that is, with only one maximal ideal with norm less than L, then it
satisfies the injectivity of the norm up to L and hence, strong N and strong F sequences coincide. But we have more: as in
the quasilocal case [Proposition 3.8], N and V.W.F. sequences do also coincide.
Corollary 4.12. Let {un} be a length L sequence in the domain D. Assume that D is a quasilocal domain in finite norms up to L.
Then {un} is an N sequence if and only if it is a V.W.F. sequence.
Proof. A V.W.F. sequence is always an N sequence [Theorem 4.6]. Conversely, suppose that {un} is an N sequence. We let I
be an ideal of D and consider two cases.
— I is contained in a prime ideal Q with infinite norm or such thatN(Q ) > L. As {un} is anN sequence, it is F orderedmodulo
Q [Proposition 1.10], hence its terms are in distinct classes modulo Q thus a fortiori modulo I.
— I is only contained in primes with finite norm bounded by L, thus in fact in one and only one maximal ideal M with
N(M) ≤ L and I = Mk, for some k [Lemma 4.4]. As {un} is an N sequence in D, it is so in DM and hence, it is a V.W.F. sequence,
since DM is a quasilocal ring [Proposition 3.8]. As I = Mk, we have ND(I) = NDM (IM). Hence {un} is also very well F ordered
modulo I in D. 
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4.5. Mixed norms
Along the line of Proposition 4.7, we show there is a constraint on the number of idealswith small norms for the existence
of F sequences.
Proposition 4.13. Let D be a domain.
(1) If there is an F sequence of length L ≥ 5 in D, then D cannot have 2 ideals with norm 3 together with one ideal with norm 2.
(2) If there is an F sequence of length L ≥ 7 in D, then D cannot have 2 ideals with norm 2 together with one ideal with norm 3.
Proof. (1) Suppose there is one ideal P with norm 2 together with two ideals Q ,Q ′ with norm 3. By way of contradiction,
let {un} be an F sequence of length 5. Call black andwhite the two classes modulo P , black being the color of u2. As {u0, u1} is
a set of representatives modulo P , interchanging them if need be, we may assume that u0 is black and u1 is white. We next
consider two cases:
— The nest 3 terms, u3, u4, u5 are white. Together with u1, that makes 4 black terms. Two of themmust be in the same class
modulo Q . As they are also in the same class modulo P , they are in the same class modulo PQ . As the norm of PQ is 6, we
obtain a contradiction by Proposition 1.11.
— At least one term among u3, u4, u5 is black, call it ub. As {un} is an F sequence, ub must be congruent to some ui, i < 3
modulo Q . If ui is black, then ub − ui is in P , thus in PQ and we have a contradiction as above. Thus ui = u1 and hence,
(ub− u1) ∈ Q . Similarly, (ub− u1) ∈ Q ′. But then (ub− u1) ∈ QQ ′. As the norm of QQ ′ is 9, we obtain again a contradiction.
(2) Suppose there is one ideal Q with norm 3 together with two ideals P, P ′ with norm 2. Then there are at least 3 ideals
with norm 4, namely P2, PP ′, P ′2. By way of contradiction, let {un} be an F sequence of length 7.
For j ≥ 4, uj is congruent to some ui, i < 4, modulo each ideal with norm 4, and some ui, i < 3, modulo Q . Yet uj cannot
be congruent to the same ui modulo two distinct ideals I, J with norm 3 or 4, otherwise (ui − uj) ∈ I ∩ J , while N(I ∩ J) ≥ 8
(and even N(I ∩ J) = 12 in the case one of these two ideals is Q ) leading to a contradiction by Proposition 1.11. As there are
at least three ideals with norm 4, it follows that, for each j ≥ 4, uj ≡ u4 modulo some ideal with norm 4. Among the four
terms u4, u5, u6, u7, two of them, say uj, uk must be congruent to u4 modulo the same ideal I with norm 4. Now there are
only two classes in I modulo the product IP (where P is one of the ideals with norm (2)), and the 3 terms u4, uj, uk are in the
same class modulo I . Thus a pair is in the same class modulo IP . As N(IP) = 8, we obtain a contradiction. 
Remark 4.14. Of course, not only the ideals of norm 2 and 3 are concerned. For instance, if there were at least 8 ideals of
norm qwith 4 ≤ q ≤ 7, then there would be no F sequence of length 7. Indeed, if {un}were such a sequence, then u7 would
be congruent to some ui, i < 7, modulo each ideal with norm q ≤ 7, but then to the same ui modulo two such ideals I and
J . As clearly N(I ∩ J) > 7, we would reach a contradiction with Proposition 1.11.
4.6. Examples
In Proposition 4.7, we have shown that if D is endowed with an F sequence there are at most q ideals with norm q. In the
case of residue fields with mixed characteristics, it can be required that the number of ideals with norm q is in fact strictly
less than q [Proposition 4.13]. In the following example, all residue fields have the same characteristic and the upper bound
for the number of ideals with norm q is reached while D is even endowed with a V.W.F. sequence.
Example 4.15. Let D = Fq[t] be the ring of polynomials with coefficients in the field Fq with q elements. A nonzero ideal
I is generated by a monic polynomial of degree d. A complete set of representatives modulo I is given by the polynomials
with degree less than d, hence N(I) = qd. There are qd monic polynomials of degree d, hence qd ideals of norm qd. We can
exhibit an infinite N sequence (as in [15,7]): writing an integer n in its q-adic expansion
n = n0 + n1q+ · · · + nkqk,
each nj can be considered as an element of Fq (as 0 ≤ nj < q). We set
un = n0 + n1t + · · · + nktk.
Then {un} is V.W.F. ordered, thus a fortiori an N sequence [Theorem 4.6]. Indeed, for each ideal I with norm qd, the first qd
terms of the sequence {un} form a complete set of representativesmodulo I . Moreover, shifting by amultiple of qd, we obtain
another complete set of representatives, adding to each element of the first set a multiple of td.
Finally, we show none of the arrows may be reversed in the implications
I −−−−→ II −−−−→ IIIy y y
I∗ −−−−→ II∗ −−−−→ III∗
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II ; I∗. Fq[t] is endowed with a V.W.F. sequence [Example 4.15] but there is no strong N sequence (a fortiori no strong F
sequence) of length L ≥ q in Fq[t]: there are q units in Fq[t], the constants (which form a strong F sequence of length q− 1),
a sequence of length L ≥ q is such that the difference of two consecutive terms is eventually not a constant and hence, is
not a strong N sequence [Proposition 1.14].
I∗ ; III. Let K be a number field, S be the multiplicative set generated by the prime numbers which do not split completely,
and D = S−1OK . Then {n}n∈N is a strong N sequence of D [Corollary 2.6]. However, if we choose K to be such that there are
more than p primes above p in OK , the length of an F sequence in D is bounded by p [Proposition 4.7].
III ; II∗. In a discrete valuation domain, V.W.F. and N sequences coincide [Proposition 3.1], yet F sequences are not
necessarily N sequences. Indeed, if we interchange 5 and 6 in the sequence of natural numbers, we obtain a sequence
{un} that we may consider as a sequence in the valuation domain Z(3), with maximal ideal M = 3Z(3). For each k, the
first 3k elements form a complete system of representatives moduloMk, thus {un} is an F sequence. But the second set of 3
consecutive elements, that is, {3, 4, 6}, is not a complete systemof representativesmoduloM , thus {un} is not anN sequence.
II∗ ; III. In a domainwhich satisfies the injectivity of the norm strongNand strong F sequences are the same [Theorem4.11],
yet N sequences are not necessarily F sequences. Indeed, it is easy to check that the sequence {5, 6, 7, 0, 1, 2, 3, 4, 8, 9, . . .}
is an N sequence in the localization S−1Z killing all primes but 2 and 3. However, it is not an F sequence (as it is not well
ordered modulo 6). Yet, S−1Z is a Dedekind domain with only twomaximal ideals, one with norm 2, the other with norm 3.
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